Apply the block substitution construction to the second and third columns only on e T to obtain a set e S of 2 10 10-vectors. This is a clique in G 10 , as required. Note that only the second and third columns need to be expanded in blocks, because the primed elements in S 2 above appear only in these columns.
Discussion
The failure of Keller's Conjecture in high dimensions illustrates the general phenomenon that Euclidean space allows more freedom of movement in high dimensions than in low ones. It is interesting that the critical dimension where Keller's Conjecture rst fails, which is at least 7, is as high as it is.
It may be a di cult matter to determine exactly the critical dimension. Exhaustive search for Szab o-type counterexamples already seems infeasible for G 7 ; the maximum clique problem is a well-known NP-complete problem, which is also computationally hard in practice. The authors ruled out the existence of any 2 7clique in G 7 that is invariant under a cyclic permutation of coordinates by computer search. It is conceivable that there exist Szab o-type counterexamples in dimension 7, 8, or 9, which are all so structureless that they will be hard to nd. In any case we have so far found no variant of the constructions of Theorem A that work in these dimensions.
A natural extension of Keller's conjecture is to determine the largest integer K n such that every tiling of R n by unit cubes contains two cubes that have a common face of at least dimension K n . For a Szab o-type tiling, two cubes having coordinates (m 1 ; : : :; m n ) and (m 0 1 ; : : :; m 0 n ) in G n have a k-dimensional face in common if jm i ? m 0 i j = 0 or 2 for all i, and exactly k values jm i ? m 0 i j = 0. The 10-dimensional and 12-dimensional cube tilings e S and S constructed in Theorem A each contain two cubes sharing a common face of codimension 2, so they imply only K 10 8 and K 12 10. We have found a di erent 10-dimensional cube tiling (using a similar construction) which shows that K 10 7. We also can show that n ? K n ! 1 as n ! 1; details will appear elsewhere. that all the conditions (i), (ii), (iii) that concern only S 0 ; S 0 0 ; S 2 , automatically hold. Next we apply a suitable automorphism of G 4 to S 0 ; S 2 to obtain S 1 ; S 3 . For any automorphism conditions (i) and (iii) will automatically hold for S 1 ; S 3 obtained this way. Thus we need only to nd an automorphism where (ii) holds.
The automorphism that cyclically permutes the labels of the rst coordinate 0 ! 1 ! 2 ! 3 ! 0 gives suitable S 1 ; S 3 , as listed in Table 2 .
The conditions (i), (ii), (iii) can be veri ed directly for S 0 ; S 0 0 ; S 1 ; S 2 ; S 3 by hand calculation. Aside from the distinctness of all elements, the automorphism sending (S 0 ; S 2 ) to (S 1 ; S 3 ) means that one need only check properties for S 0 ; S 0 0 ; S 2 . The calculation can be further reduced by observing that there is an automorphism of G 4 that xes S 2 and sends S 0 to S 0 0 . This automorphism cyclically permutes the labels of the rst coordinate 0 ! 1 ! 2 ! 3 ! 0 and the last coordinate 0 ! 3 ! 2 ! 1 ! 0, and then exchanges these coordinates. Thus one need only verify that S 0 and S 2 are G 4 -cliques and S 0 S 2 is a G 4 -clique.
The 10-dimensional construction is similar in nature and is based on the fact that the set e T = S 0 S 2 from Table 2 is a clique of size 2 4 in G 4 , which is very nearly a 2 4 -clique for G 4 . In G 4 it omits only the four edges 0213{0211, 3132{1132, 2301{2303, 1020{3020. Now regard S 2 as being 0 2 1 0 1 1 1 0 3 2 2 3 0 0 3 3 0 0 2 0 where we want 0 6 = 0 0 and 1 6 = 1 0 . Assign to 0; 0 0 ; 1; 1 0 ; 2; 3 the sets of blocks S 0 ; S 0 0 ; S 1 ; S 0 1 ; S 2 ; S 3 in Table 2 , where S 0 1 is constructed from S 1 similarly to S 0 0 from S 0 . These sets satisfy: (i) Each of S 0 ; S 0 0 ; S 1 ; S 0 1 ; S 2 ; S 3 is a clique in G 4 . (ii) No two of these sets have a common vector. (iii) S 0 S 2 ; S 0 0 S 2 ; S 1 S 3 , and S 0 1 S 3 are each a clique in G 4 . Table 1 . Clique T in G 3 . 0 0 0 2 0 1 1 2 0 0 1 2 2 0 0 3 3 2 0 0 0 0 3 2 2 2 2
Proof of Theorem A. We give the easier 12-dimensional construction rst. It starts with the set T of vectors given in Table 1 , which (ignoring the primes on some zeros) is a clique of size 8 in G 3 . It is very nearly a clique for G 3 , in that it omits only three edges, namely, 201{20 0 3, 120{320 0 , 012{0 0 32. If somehow 0 0 were distinct from 0, while it was still the case that 2 ? 0 0 = 2, then this would be a 2 3 -clique for G 3 and would give a counterexample.
We use a block substitution construction that in e ect accomplishes this in R 3k for suitable k. Assign to each of 0; 0 0 ; 1; 2; 3 sets S 0 ; S 0 0 ; S 1 ; S 2 ; S 3 of vectors in f0; 1; 2; 3g k having the following properties:
(i) Each of S 0 ; S 0 0 ; S 1 ; S 2 ; S 3 is a clique in G k . (ii) No two of the sets S 0 ; S 0 0 ; S 1 ; S 2 ; S 3 have a common vector. (iii) S 0 S 2 ; S 0 0 S 2 , and S 1 S 3 are each a clique in G k . Assuming (i), (ii), the last condition (iii) says, e.g., for S 0 S 2 each element of S 0 di ers from each element of S 2 by 2 (mod 4) in some coordinate.
Call the vectors in the sets S i blocks. Form the set S of all vectors in f0; 1; 2; 3g 3k that can be formed by taking any vector (m 1 ; m 2 ; m 3 ) 2 T and for each m i substituting any block in the corresponding S mi , independently for each i.
Claim. S is a clique in G 3k .
To prove this, let v; v 0 be distinct elements of S constructed from m = (m 1 ; m 2 ; m 3 ) and m 0 = (m 0 1 ; m 0 2 ; m 0 3 ) in T , respectively. If m = m 0 then v; v 0 have some block w; w 0 2 S mi where they di er, and condition (i) forces an edge between v and v 0 in G 3k . If m 6 = m 0 then m and m 0 di er by 2 in some coordinate (here 0 0 and 2 are considered to di er by 2), which carries over to v and v 0 by condition (iii), and m and m 0 also di er in another coordinate, where 0 is treated as distinct from 0 0 , and this carries over to v and v 0 by condition (ii), proving the claim.
If one can choose jS 0 j = jS 0 0 j = a, jS 1 j = b, jS 2 j = c, and jS 3 j = d with a+c = 2 k , b + d = 2 k , then jSj = a 3 + 3abc + 3acd + c 3 = 2 3k will be a clique in G 3k , thus giving a counterexample.
We achieve this with k = 4, a = b = 12, c = d = 4, with the sets S 0 ; S 0 0 ; S 1 ; S 2 ; S 3 given in Table 2 below. The sets S 0 ; S 0 0 ; S 2 were obtained from a 28-clique for G 5 given in 1, Table 2 ]. Examining the rst column of this 28-clique, one nds twelve vectors each having value 0 and 2 and four having value 1. Deleting this column and grouping the resulting Z 4 -vectors as S 0 ; S 0 0 ; S 2 , the G 5 -clique property guarantees
Main result
We prove the following result.
Theorem A. For n = 10 and 12 there exists a tiling of R n by unit cubes such that (1) The centers of all cubes are in 1 2 Z n ;
(2) The tiling is periodic with period lattice 2Z n ;
(3) No The graph G n is the complement of the product graph C 4 C 4 C 4 of n copies of the 4-cycle C 4 . It has maximal clique size equal to the independent set number of C 4 C 4 , which is (C 4 ) n = 2 n since C 4 is a perfect graph and (C 4 ) = 2. In fact, G n has an enormous number of maximal cliques, and the problem is whether or not any of them remain a clique in G n .
Note also that the graphs G n and G n have large groups of automorphisms. On both graphs one can relabel the vertices m = (m 1 ; : : :; m n ) by relabeling the ith coordinate using the group generated by the cyclic permutations (0123) and the 2-cycle (13), and one also can permute coordinates. This generates a group of 8 n n! automorphisms.
